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Abstract: Motivated by a problem from pharmacology, we consider a general two
parameter slow-fast system in which the critical set consists of a one dimensional manifold
and a two dimensional manifold, intersecting transversally at the origin. Using geometric
desingularisation, we show that for a subset of the parameter set there is an exchange of
stabilities between the attracting components of the critical set and the direction of the
continuation can be expressed in terms of the parameters.
1 Motivation
We consider the pharmacological model of dimerisation where a receptor binds to two
ligand molecules. The dimerisation model is an adaptation of the well studied target
mediated drug disposition model (TMDD) in which the receptor binds to one ligand
molecule, see [5] for more details. In both models, it is assumed that the binding is the
fastest process. This gives a separation of time scales, which allows us to use geometric
singular perturbation theory to analyse these models. For the TMDD model, the critical
set reduces to two intersecting one dimensional manifolds. Using the results in [3], it
can be shown that the slow manifold connects the two attracting branches of the critical
set. For the dimerisation model, the critical set reduces to an incoming one dimensional
manifold and an outgoing two dimensional manifold that intersect. By analysing this
type of intersection using geometric desingularisation, we will show the existence of a
transfer to the two dimensional manifold and determine the direction of the orbit on this
manifold away from the intersection, in terms of the model parameters.
2 The General Problem
The canonical form for the problem of interest is given by
x˙1 = (y + x2)x1 + λ1ε+O
(
[x1 + x2 + y + ε]
[
(x1 + x2 + y)
2 + ε
])
,(1a)
x˙2 = (y + x2) (x1 − y + x2) + λ2ε+O
(
[x1 + x2 + y + ε]
[
(x1 + x2 + y)
2 + ε
])
,(1b)
y˙ = ε (1 +O (x1 + x2 + y + ε)) .(1c)
The critical set is the union of the one dimensional manifold {x2 = y, x1 = 0 : y ∈ R}
and the two dimensional manifold {x2 = −y : x1, y ∈ R}. The incoming manifold
S−a = {x2 = y, x1 = 0 : y < 0} is attracting. Away from the intersection at the origin,
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(b) Four regions we consider.
Figure 1. The curve shown in these two figures is the union of λ1 = 0 for
λ2 > 1 (black line), λ2 = −1 for λ1 > 2 and (λ1 − λ2 − 3)2−8 (λ2 + 1) = 0
for 0 < λ1 ≤ 2 (red curve).
Fenichel theory [1] tells us that the manifolds in the critical set persist for ε sufficiently
small. We will investigate what happens to the incoming manifold, denoted by S−a,ε, as
it passes by a neighbourhood of the origin, the extension of S−a,ε is denoted by S¯−a,ε. We
do this using the blow up method and building on the work of Krupa and Szmolyan [3].
3 Statement of the Main Result
For small fixed ρ > 0 and J a small open interval around 0 in R, we define the following
∆in = {ρ (0,−1,−1) + (x1, 0, y) : x1, y ∈ J} ,(2a)
∆outa =
{
ρ
(
x¯−1 ,−1, 1
)
+ (x1, 0, y) : x1, y ∈ J
}
,(2b)
∆oute = {ρ (0, 1, 0) + (x1, 0, y) : x1, y ∈ J} ,(2c)
where x¯−1 =
1
2
[
1 + λ1 − λ2 −
√
(λ1 − λ2 − 3)2 − 8 (λ2 + 1)
]
.
Theorem 1 For fixed (λ1, λ2) there exists ε0 > 0 such that for any ε ∈ (0, ε0]:
(1) For (λ1, λ2) in the shaded region or along the black line in Figure 1a, the exten-
sion S¯−a,ε passes through ∆oute at (hx(ε), ρ, hy(ε)), where hx(ε), hy(ε) = O(
√
ε).
(2) For (λ1, λ2) in the unshaded region in Figure 1a, the extension S¯
−
a,ε passes
through ∆outa .
The statement of this theorem is illustrated in Figure 2.
4 Sketch of the Proof of the Main Result
We add the trivial equation ε˙ = 0 to system (1) and define a blow up of the region near
the origin as x1 = rx¯1, x2 = rx¯2, y = ry¯, ε = r
2ε¯. Apart from the polar blow up with
x¯21 + x¯
2
2 + y¯
2 + ε¯2 = 1, we will use five directional charts. The K1 and K3 charts are
obtained by taking x¯2 = −1 and x¯2 = 1 respectively. The K4 and K5 charts are obtained
by taking x¯1 = −1 and x¯1 = 1 respectively. We also have the K2 chart which is obtained
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Figure 2. Summarises the results of Theorem 1. Bold blue curve gives
the continuation of S−a,ε in each case, denoted by S¯−a,ε.
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(c) Dynamics in the K5 chart.
Figure 3. Dynamics in the directional charts in the invariant plane ε¯ =
0. Dashed lines and open circles indicate that the point is unstable while
solid lines and closed circles indicate that it is stable. The red arrows
highlight the direction of the flow on the invariant line.
by taking ε¯ = 1. Figure 3 gives the dynamics in each of the directional charts that are
used in this section. See [4] and references therein for more details about the blow up
technique.
In the polar blow up the sphere ε¯ = 0 has two steady states corresponding to the
one dimensional critical manifold, denoted by P−a and P+r where P−a corresponds to S−a .
There is a continuous curve of steady states corresponding to the two dimensional critical
manifold denoted by C. Furthermore there are two steady states corresponding to the
critical fibre which we call qin and qout. All isolated steady states have a one dimensional
centre manifold and the curve C has a two dimensional centre manifold in the invariant
hyperplane r = 0.
4.1 Dynamics in the K2 Chart
The initial continuation of S−a,ε is best described in the K2 chart.
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Lemma 2 When λ1 = 0, the plane x¯1 = 0 is invariant in the K2 chart and the contin-
uation of the centre manifold of P−a stays in this plane. When λ1 6= 0, the sign of x¯1 in
the continuation is given by the sign of λ1.
Lemma 3 If λ2 < 1 then the centre manifold of P
−
a connects to the attracting part of
the centre manifold of C and if λ2 > 1 then the centre manifold of P
−
a connects to the
centre manifold of qout.
Next, the further continuation on the centre manifolds is considered. If λ2 < 1 then the
K1 chart is used and if λ2 > 1 it is the K3 chart. We divide the parameter space into
four regions (shown in Figure 1b) where we observe different types of continuations.
4.2 Dynamics on the centre manifold of C
The dynamics on the attractive part of the centre manifold of the curve C can be desin-
gularised such that this part of the curve C has at most two fixed points, one of which
is x¯−1 if it is real. Note that these two steady states are found by solving a quadratic
equation so they are only real for a subset of (λ1, λ2) values.
• Region one: It can be shown that x¯−1 is real and stable and the dynamics on
the centre manifold are attracted to this point.
• Region two: The solutions of the quadratic are complex or the fixed points
on the attractive part of C have positive x¯2 hence they are not in K1. It can
be shown that the dynamics on the centre manifold moves the continuation in
K1 to the repelling part of the centre manifold of C. We then hand over to the
K5 chart as x¯1 > 0. The dynamics highlighted by the red arrow in Figure 3c
indicate that the continuation in K5 has x¯2 →∞ and y¯ → 0. Finally, we hand
over to the K3 chart where the fact that x¯1 > 0 and the dynamics highlighted
by the red arrow in Figure 3a indicate that the trajectory goes to qout.
4.3 Dynamics on the centre manifold of qout
The dynamics on the centre manifold of qout (indicated by the red arrows in Figure 3a)
tell us that if the continuation approaches the K3 chart with x¯1 ≥ 0 then it is attracted
to qout, whereas if x¯1 < 0 it moves away from qout.
• Region three: By Lemma 2, we approach the K3 chart with x¯1 ≥ 0. Hence,
the continuation goes to qout.
• Region four: The continuation approaches the K3 chart with x¯1 < 0, hence
it is repelled. We now hand over to the K4 chart where the continuation is
attracted by the centre manifold of C (indicated by the red arrow in Figure 3b).
The desingularised dynamics on the centre manifold directs the continuation
towards the stable point x¯−1 .
The four possible types of continuations are shown in Figure 4.
5 Conclusion and Discussion
We have described the fate of the incoming attracting slow manifold. This gives the
parameter values for which the slow manifold connects the two attracting manifolds of
the critical set. The parameter values for the dimerisation model always lie in this set.
Furthermore, we have determined a point x¯−1 which gives the outgoing direction on the
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Figure 4. A typical continuation from each region projected into the
x2 − y plane. The x1 evolution is not shown.
two dimensional manifold along which the continuation moves away from the intersection
at the origin. Full details will be given in a forthcoming paper [2], which will also include
results for continuations on the red line in Figure 1a and on the size of the contraction
of the transition map which transfers ∆in to the appropriate ∆out section.
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